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A conduction heat transfer process is enhanced by filling prescribed quantity and optimized-shaped high thermal
conductivity materials to the substrate. Numerical simulations and analyses are performed on a volume to point
conduction problem based on the principle of minimum entropy generation. In the optimization, the arrange-
ment of high thermal conductivity materials is variable, the quantity of high thermal-conductivity material is
constrained, and the objective is to obtain the maximum heat conduction rate as the entropy is the minimum.
A novel algorithm of thermal conductivity discretization is proposed based on large quantity of calculations.
Compared with other algorithms in literature, the average temperature in the substrate by the new algorithm
is lower, while the highest temperature in the substrate is in a reasonable range. Thus the new algorithm is fea-
sible. The optimization of volume to point heat conduction is carried out in a rectangular model with radiation
boundary condition and constant surface temperature boundary condition. The results demonstrate that the al-
gorithm of thermal conductivity discretization is applicable for volume to point heat conduction problems.
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1. Introduction

Problems of volume to point heat conduction are widely encoun-
tered in various engineering fields. “Volume” generally refers to the sub-
strate with various shapes and boundary conditions, and “point” is
various heat sources in the substrate. The objective of such problems
is generally to increase heat dissipation from points to certain bound-
aries. In the aerospace field, spacecraft works in a harsh outer space en-
vironment, such as over-cold or over-heat. How to control the
spacecraft temperature distribution in an acceptable range is one of
the most important tasks [1]. In the field of microelectronics, the volume
of electronic chips is becoming smaller and smaller, and the correspond-
ing power is getting larger and larger. The heat dissipation per unit vol-
ume increases greatly, which makes the chip cooling difficult [2]. Chip
heat dissipation can not rely on the application of monocrystalline sili-
con only, filling a high thermal conductivity material in the substrate
is also a solution. A reasonable layout of high thermal conductivity ma-
terial will greatly increase the chip heat dissipation capability. The cost
and characteristics of the chip are related to the quantity and thermal
conductivity of filling material. An optimized filling method is impor-
tant for high power heat dissipation.

Bejan [3,4] has put forward the constructal theory to deal with the
volume to point heat conduction problem. Based on the theory, the
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best shape is first sought for a given minimum volume unit. Then the
optimized minimum thermal conductivity units are combined to mini-
mize related thermal resistance. The evolution is performed for several
assembly and optimization processes. Once the high thermal conductiv-
ity material covers prescribed substrate space, the heat dissipation pro-
cess is optimized with the minimum thermal resistance. Bejan [5-7] has
also used the principle of minimum entropy production for the optimi-
zation of volume to point conduction problem. Starting from the irre-
versible thermodynamics, the total process entropy production is set
as the objective function in the optimization. This method is also
named as thermodynamic optimization. Guo et al. [8,9] have put for-
ward the concept of entranspy, which can be used to solve volume to
point conduction problems. Based on the analogy between thermody-
namics and electricity, the entranspy describes the capability of heat
transfer. With the principle of minimum entranspy dissipation, the
heat transfer process can be optimized to enhance heat transfer or
heat dissipation. Cheng et al. [10-12] have used the evolution algorithm
in the principle of bionic optimization to deal with the layout of high
thermal conductivity materials. Xia and Guo [13] have optimized heat
conduction by using life evolution process. The principle of minimum
entropy production can also be used to determine the population loca-
tions of high thermal conductivity materials. Find the points with max-
imum and minimum entropy production, fill the maximum entropy
production points with high thermal conductivity material, and replace
the minimum points with the substrate material. The evolution process
terminates when the quantity of high thermal conductivity material
meets the requirements. Chen et al. [14] have presented a more
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complex algorithm, named the continuous thermal conductivity algo-
rithm, to search the global optimal solution on the basis of bionic opti-
mization algorithm. The global optimization ability is better, but it
needs a large amount of calculations because of traversal search. There-
fore, it is difficult to apply the continuous thermal conductivity algo-
rithm in practice and its results are often regarded as the theoretical
optimum solution in a volume to point conduction problem.

The objective in this paper is the optimization of volume to point
heat conduction. Numerical simulations and analyses are based on the
principle of minimum entropy generation. The software MATABLE is
used for numerical calculation. The emphasis is to search a practical
and useful algorithm for appropriate layout of high conductivity mate-
rials, enhancing heat dissipation efficiently.

2. Physical Model of Volume to Point Conduction Problem

As shown in Fig. 1, the two-dimensional rectangular plate with
2 m length and 1 m width is defined as the volume, and internal
heat source g;, namely points, are distributed uniformly in the sub-
strate. Border A with the length 0.2 m locates in the middle of left
and right boundaries of the plate, serving as heat outlets. The bound-
aries except A are adiabatic. Thermal conductivities of substrate and
high thermal conductivity material are assigned based on practical
situations. The filling rate of high thermal conductivity material can
be selected by the designer. 10% filling rate is set in this study if it
is not specified. Such physical model is typical among common vol-
ume to point conduction problems.

Adiabatic boundary

Boundary A

1m

Fig. 1. The physical model of volume to point conduction problem.

In the calculation the substrate is divided into grids, which are 200
grids in length and 100 grids in width in this physical model. Therefore,
there are 20 thousand girds in the volume. In the filling process, the
quantity of high thermal conductivity material is set, but its arrange-
ment varies. The heat dissipation rate of the volume is mainly depen-
dent on the layout of the filling material. The principle of minimum
entropy production is used and the objective function is written as

min Sg(kiky - - - kn) (1)

where S; is the total entropy production in the volume and is the func-
tion of thermal conductivity in each grid, and n is the total grid quantity.
The objective is to calculate the volume heat dissipation rate corre-
sponding to the minimum entropy generation Sg. The variables are set
as

ki=ALor Ay, i=1,2---n 2)
where k; is the thermal conductivity in the ith point, A; and Ay are the
lower and higher thermal conductivities, respectively, referring to the
substrate and embedding material, respectively.

The filling process subjects to the prescribed quantity of high ther-
mal conductivity material,

n
>omi=15 3)

i=1

where m is used to calculate the grid quantity occupied by the high ther-
mal conductivity material, defined as

(0, k=N
m= {3 @

3. The Algorithm of Thermal Conductivity Discretization

In order to obtain the layout of high thermal conductivity material,
proper algorithms should be selected. In this paper, the algorithm of
continuous thermal conductivity is used to obtain the theoretical ar-
rangement of high conductivity material in the substrate. The thermal
conductivity of material can be defined by the designer, regardless of
its value of true materials. Based on the theoretical layout, a new algo-
rithm of thermal conductivity discretization is proposed.

3.1. The algorithm of continuous thermal conductivity

For the problem of volume to point conduction, the integral of ther-
mal conductivity for both substrate and high conductivity material is set
as the constraint condition. The initial value of the continuously variant
thermal conductivity kg is defined as

n n
ITko(x.y)AV = At -1+ A+ (n—ﬁ). (5)

With the algorithm of continuous thermal conductivity, based on the
principle of the minimum entropy production, numerical calculations
are explored to solve the layout of high thermal conductivity material
in the volume to point problem as follows.

(1) Initializing the thermal conductivity in the whole substrate,
namely, calculating the initial value ko of thermal conductivity
based on Eq. (5).

(2) Solving the conduction differential equation in the substrate and
obtaining the distribution characteristics of both temperature
and temperature gradient fields.

(3) Obtaining the field of thermal conductivity distribution based on
the following equations

2
Kn09) = a(x) (6)

[Jko(x,y)dV

|4
R, G ”

kn+1 (x,y) = k;1+1 (x,y)

where k', ;- 1(x, ) is the intermediate variable at grid coordinate
(x,y) and kj, is the thermal conductivity in the nth iteration.

In order to prevent the appearance of singularity and to control
the thermal conductivity of materials within the given scope,
some determinations are performed on k, 1 1(x, y). If k, + 1(x,
y) < An, go to Step (6) directly; if k, o 1(X,¥) = Ap,

kni1(X,) = Nt ®)

=

—
9]
-

In order to satisfy the integral of thermal conductivity, the calcu-
lation of practical thermal conductivity integral is redone in the
areaof V', i,

N (x,y)dV = [[ kn(x,y)dV— [ AydV 9)
4 v V-V
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and recalculate the distribution of thermal conductivity field in
the region V' as

[T ko(x,y)dV’
v

k )=k V) . 10
Kn+1 (Xy) <n+1 (Xy)"l}[ kln+] (x,y)dV’ ( )
(6) Go back to Step 2 until Egs. (11) and (12) are satisfied
(kni1—kn)/kni1 <€ (11)
max{kn.1(X,¥)} £ Ay (12)

where ¢ is the error controlling factor for convergence, 10~ in
this paper. Here Eq. (12) is set to ensure that the thermal conduc-
tivity satisfies the requirements.

3.2. The algorithm of thermal conductivity discretization

The arrangement of high thermal conductivity material based on the
principle of minimum entropy production can be optimized to the best
level [15-17]. In this situation, the substrate heat dissipation rate is best
enhanced with the continuous thermal conductivity algorithm. To the
problem of long calculation time and difficulty in finding suitable mate-
rials with continuous thermal conductivity, a novel algorithm of thermal
conductivity discretization is put forward in this paper. The continu-
ous thermal conductivity is discretized into prescribed and practical
values of thermal conductivity. Two types of thermal conductivity
are used to demonstrate the new algorithm. The heat dissipation
rate is less with this algorithm, but it is more feasible and efficient
compared with the continuous thermal conductivity algorithm and
the evolution algorithm.

In the application of the new algorithm, the first step is to achieve the
thermal conductivity distribution in the substrate based on the continu-
ous thermal conductivity algorithm. Then, two sets of thermal conduc-
tivities are assigned to the substrate and the embedded high thermal
conductivity material. The substrate region is divided into an appropriate
quantity of subdomains. The layout of high thermal conductivity materi-
al is achieved in each subdomain and further the whole substrate. The
flow chart of the novel algorithm is briefly illustrated in Fig. 2.

For the rectangular plate and boundary conditions, the flat plate is
divided into a certain quantity of subdomains. In each subdomain, the
arrangement of high thermal conductivity material is solved with the

continuous thermal conductivity algorithm. In each sub-area, the inte-
gral of continuous thermal conductivity is equal to that of high thermal
conductivity material,

J[k(x,y)dV = AyM; + AL(N;—M;) (13)
v

where N; is the grid number in subdomain i, and M; is the gird number in
subdomain i occupied by the high thermal conductivity material. The
calculation equation of M; is deduced as

I k(x,y)dV—=ALN;
%

M; = AH—AL

(14)

The filling rate of high thermal conductivity material in each
subdomain can be calculated after being rounded. Errors appear in the
process of both numerical simulations and rounding off. The division
of subdomains also affects the final calculation result and precision.
Therefore, the preliminary layout of high thermal conductivity material
based on the algorithm of thermal conductivity discretization is gener-
ated and the evolution algorithm can be used to form the final arrange-
ment of the high thermal conductivity material.

4. Numerical Calculation Results and Discussion
4.1. The effect of subdomain quantity on numerical calculation results

In the physical model, the substrate is divided into 20 thousand
grids, with the thermal conductivity of substrate A, = 1 W-m™'-K™ 1.
For the high thermal conductivity material Ay = 100 W-m™1.K~ 1.
Two kinds of boundary conditions are considered in this paper. In the
first case, border A has radiation boundary condition with deep space,
which is set as 3 K, and its emissivity is 0.8 [20]. In the second case, bor-
der A is set at constant surface temperature T, = 300 K. Characteristics
of internal heat source distribution change with boundary conditions.
Numerical simulations on the continuous layout of high thermal con-
ductivity material are shown in Fig. 3, presenting the layout results for
different boundary conditions.

On the basis of the continuous distribution of thermal conductivity,
the rectangular plate is divided into subdomains. The dividing method
is different for different boundary conditions. As shown in Fig. 3, ther-
mal conductivity fluctuation on the border is not so obvious when bor-
der A has radiation boundary condition. Therefore, the subdomain is

/ Initialization of \
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Fig. 2. The flow chart for the novel algorithm.
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(a) Radiation boundary condition

ym x/m

(b) Constant surface temperature boundary condition

Fig. 3. Continuous thermal conductivity layout for two kinds of boundary conditions.

divided from the center of border A to the substrate center. When bor-
der B presents constant surface temperature boundary condition, ther-
mal conductivity in the border changes violently, so the subdomain is
divided from the location with the maximum thermal conductivity.
And the area with a steady thermal conductivity is divided into rectan-
gular region, as shown in the middle section of the substrate. Fig. 4 de-
scribes the subdomain division for the two boundary conditions.

It is deduced that the subdomain division affects greatly the heat
conduction rate optimization results. A smaller quantity of subdomains
causes a coarse layout of materials and the heat dissipation cannot be
optimized efficiently. A larger quantity of subdomains will generate an
obvious rounding off error, so that the arrangement of material is far
from the theoretically continuous layout. Therefore, the relationship be-
tween substrate optimization and subdomain quantity is studied. Fig. 5
depicts the layout of material in different subdomain quantity with radi-
ation boundary conditions. The shape of high thermal conductivity ma-
terial is different for different subdomain quantity. When the entropy
generation in the substrate is compared, the difference between cases
(4) and (5) is less than 2.8%, with the subdomain quantity of 24 and
36, respectively. The difference in average temperature is less than 1%,
as shown in Fig. 6.

Fig. 7 depicts the layout of high thermal conductivity material in dif-
ferent subdomain quantities with constant surface boundary condi-
tions. The shape of material is clearly different for different subdomain
quantity. When the entropy generation in the substrate is compared,
the difference is less than 4.3% for subdomain quantity of 28 and 40.
Their difference of the average temperature in the substrate between
cases (3), (4) and (5) is less than 1%, as shown in Fig. 8.

It is obvious that the shape of high thermal conductivity material is
different for various boundary conditions. Substrate entropy generation
and mean temperature decrease with the increase of subdomain quanti-
ty, while the heat transfer rate is enhanced. In the numerical calculations,
sufficient subdomains should be defined to enhance heat dissipation.

However, excessive subdomains are not feasible in engineering and
there is no obvious enhancement in the heat dissipation. Therefore, de-
termination on the subdomain shape and quantity is necessary. With
comprehensive consideration for optimization, the subdomain quantity
in this paper is 24 for the radiation boundary condition and 28 for the
constant surface temperature boundary condition. Proper subdomain
quantity should be defined for different physical models and boundary
conditions before further developments.

4.2. Comparison between the new algorithm and other algorithms

The evolution algorithm, which is widely accepted in the volume to
point conduction problem, is also used in this paper for our physical
model [18-20]. The layout of high thermal conductivity material is
shown in Fig. 9. Since the layout for two kinds of boundary conditions
is similar, the layout in Fig. 9(a) is used here for the following compari-
son and analyses.

Fig. 10 depicts entropy generation and temperature distribution
with the variation of internal heat source for radiation and constant sur-
face temperature boundary conditions. Here subscripts c, d, and e signi-
fy the continuous thermal conductivity algorithm, the algorithm of
thermal conductivity discretization, and the evolution algorithm, re-
spectively. T denotes the highest temperature and t is the mean temper-
ature in the substrate. With the boundary conditions of radiation and
constant surface temperature, the entropy generation from the algo-
rithm of thermal conductivity discretization is smaller than that from
the evolution algorithm and much closer to that from the continuous
thermal conductivity algorithm. The maximum and average tempera-
tures from the algorithm of thermal conductivity discretization are
much lower than those from the evolution algorithm, so that this new
algorithm is advantageous in the global optimization for volume to
point conduction problems.

—

(a) Radiation boundary condition

(b) Constant surface temperature boundary condition

Fig. 4. Subdomain division in two kinds of boundary conditions.
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(1) Subdomain quantity: 4 (2) Subdomain quantity: 8 (3) Subdomain quantity: 12

(4) Subdomain quantity: 24 (5) Subdomain quantity: 36
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Fig. 5. The layout of high conductivity material in different subdomains with radiation boundary conditions.
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Fig. 6. Variation of entropy generation and average temperature in the substrate with the quantity of subdomains for radiation boundary condition.

In the practical calculation, the iteration steps with the continuous
thermal conductivity algorithm are much less than that with the evolu-
tion algorithm. For example, in the above-mentioned physical model,

the filling rate of high thermal conductivity material is 10% and the grid
number is 20 thousand. The iterative steps with the evolution algorithm
are more than 2000 and those with the continuous thermal conductivity

(4) Subdomain quantity: 28 (5) Subdomain quantity: 40

Fig. 7. The layout of high conductive materials in different subdomains with constant temperature boundary conditions.
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(@) Radiation boundary condition (b) Constant surface temperature boundary condition

Fig. 9. The layout of high thermal conductivity material with the evolution algorithm.

algorithm range from decades to hundreds depending on the error con- conductivity layout. As for the calculation time, the continuous thermal
trolling factor. With the algorithm of thermal conductivity discretization, conductivity algorithm requires several minutes, and the thermal con-
the iteration steps are same as those for solving continuous thermal ductivity discretization algorithm needs around 30 min, while the
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evolution algorithm needs about 40 h. Therefore, the new algorithm of
thermal conductivity discretization shows great advantage in the calcula-
tion time. Such advantage is more obvious with the increase of grid num-
ber. It is favorable for determining practical layout of high thermal
conductivity material with the new algorithm of thermal conductivity
discretization.

5. Experimental Verification

The experimental model in reference [21] is used here to verify
the numerical simulation method. The volume to point heat con-
duction model in the experiment is shown in Fig. 11(a). The length
of the area is 0.2 m and the width is 0.1 m. There are one heat flux
inlet and two heat flux outlets on the boundaries. Other place of
the boundary is adiabatic. The thermal conductivity of high thermal
conductivity material to be filled is 31 W-m~!-K™!, and the con-
ductivity of substrate is 1 W-m~!-K~ . The electric conduction is
introduced to simulate heat conduction in the experiment. Two
boundary conditions are considered: in case 1, go = 2400 W-m ™2,
T, = T, = 300 K; in case 2, To = 310 K, T; = T, = 300 K. The filling
rate of high conductivity material is 16%. The layout sketch of high
thermal conductivity material in the experiment is shown in
Fig. 11(b). In the numerical simulations for verification, the sub-
strate, high conductivity material layout, internal heat source distri-
bution, and boundary conditions are identical with those in the
experiment. The comparison between experimental results and nu-
merical simulations with the new algorithm of thermal conductivity
discretization is summarized in Table 1. For case 1, the item (To-T;)
is examined, and for case 2, the heat flux q is examined. As shown in
Table 1, the numerical calculation results are close to experimental
data and the calculation errors are in a reasonable range. Therefore,
the new algorithm of thermal conductivity discretization proposed
in this paper is acceptable and feasible.

6. Conclusions

(1) A novel algorithm of thermal conductivity discretization is pro-
posed to deal with volume to point conduction problems. The
comparison with the continuous thermal conductivity algorithm
and evolution algorithm indicates that the new algorithm shows
such advantages as high capability for global optimization, less
calculation time, security and reliability.

In the application of the thermal conductivity discretization
algorithm, the division of subdomains plays an important
role on the substrate optimization results. Therefore, it is

(2

—

Ti,q T; ,q,

Table 1
Comparison between experimental results and numerical calculation results
Object Units Experimental Computation Calculation
results results errors
Case 1 To-T1 K 49 4.6 6.12%
Case 2 q W-m~—2 4800 4602 4.13%

necessary to analyze and select appropriate quantity and
shape of subdomains for different physical models and bound-
ary conditions.

(3) On the basis of the principle of minimum entropy production,
optimized heat dissipation rate in the volume to point conduc-
tion problem is achieved for radiation boundary condition and
constant surface temperature boundary condition. Related ex-
perimental results testify that the new algorithm is feasible
and efficient in dealing with such volume to point conduction

problems.
Nomenclature
A boundary
k thermal conductivity, W-m~!-K™!
M quantity of high thermal conductivity material in subdomain
m total quantity of high thermal conductivity material
N grid quantity in subdomain
n total grid quantity or the nth iteration
qi internal heat source, W-m~?2
Se entropy generation, W-K~!
T temperature, K or °C
1% volume of heat conduction
X,y gird coordinate in two dimensions
A thermal conductivity, W-m~!-K™!
€ error controlling factor
Subscripts
C algorithm of continuous thermal conductivity
d algorithm of thermal conductivity discretization
e evolution algorithm
H material with high thermal conductivity
i index of point or subdomain
L substrate material with low thermal conductivity
n iterative step

K

[ Fe

m«l - 6.25 mmv;

H 6.25 m

100 m

12.5 mm»j

5 |

Aﬁ‘o »q0

200 mm

(a) Physical model in the experiment

(b) Layout of high thermal conductivity material

Fig. 11. Experimental physical model.
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